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Abstract
The notions of a weak k-development and of a weak development, defined in terms of sequences of
open covers, were recently introduced by the first and the third authors. The first notion was applied to
extend in an interesting way Michael’s Theorem on double set-valued selections. The second notion
is situated between that of a development and of a base of countable order. To see that a space with
a weak development has a base of countable order, we use the classical works of H.H. Wicke and
J.M. Worrell.
We also introduce and study the new notion of a sharp base, which is strictly weaker than that of
a uniform base and strictly stronger than that of a base of countable order and of a weakly uniform
base, and which is strongly connected to the notion of a weak development. Several examples are
exhibited to prove that the new notions do not coincide with the old ones. In short, our results show
that the notions of a weak development and of a sharp base fit very well into already existing system
of generalized metrizability properties defined in terms of sequences of open covers or bases. Several
open questions are formulated. Ó 2000 Elsevier Science B.V. All rights reserved.
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k-development; Base of countable order; Sharp base
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1. Preliminaries
All spaces in this paper are assumed to be T1 topological spaces. The notions not defined
here can be found in [15].
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A Sequence of Open Covers of a space X is called a SOC (on X). We say that a SOC
(Gn) on a space X is full if for every n and G ∈ Gn \ S ,
G=
⋃{
G′ ∈ Gn+1: G′ ⊂G, G′ 6=G
}
,
where S is the set of all one-point subsets of X. For every SOC (Gn) and (G′n) and every
sequence (Gn) of open sets, the notation (G′n) a (Gn) (respectively (Gn) a (Gn)) means
that for every n, G′n ⊂ Gn (respectively Gn ∈ Gn). For every SOC (Gn) on a space X, and
every collectionA of subsets of X, the notation δ(A) < (Gn) means that, for every n, there
exist A ∈A and G ∈ Gn such that A⊂G.
The notion of a SOC endowed with various properties plays a fundamental part in the
theory of metrization and the theory of completeness. We give a list of such properties.
Let X be a space and (Gn) a SOC on X.
(1) If for every x ∈ X the sequence (st(x,Gn)) is a base at x , one says that (Gn) is a
development on X and that the space X is developable. Furthermore if X is regular,
one says that it is a Moore space.
(2) If for every (Gn) a (Gn) and x ∈⋂Gn, the sequence (⋂i6n Gi) is a base at x ,
we say that (Gn) is a weak development on X and that the space X is weakly
developable.
(3) If (Gn) is full, and for every decreasing sequence (Gn) a (Gn) and x ∈⋂Gn, (Gn)
is a base at x , we say that (Gn) is a monotonical development on X and that the
space X is monotonically developable.
(4) If for every x ∈X, {x} =⋂ st(x,Gn) (respectively {x} =⋂ st(x,Gn)), we say that
(Gn) is a Gδ-development (respectively a G∗δ -development on X), and that the space
X is Gδ-developable (respectivelyG∗δ -developable).
(5) If for every centered family A such that δ(A) < (Gn),
⋂{A: A ∈A} 6= ∅, we say
that (Gn) is a complete SOC on X and that the space X is AF-complete.
The notion of development is classical (recall that a space is metrizable if and only if it
is a collectionwise normal Moore space (Bing’s criterion [15])).
The notion of a weak development was introduced by the first and the third authors in [8].
The notion of monotonical development is extracted from the works of Wicke and
Worrell in [25] (see also [10]). We shall show in Section 2 that the class of monotonically
developable spaces is the class of spaces with a base of countable order.
Ceder proved in [9] that a space X has a Gδ-development if and only if the diagonal
of X × X is a Gδ-subset (one says also that X has a Gδ-diagonal). The expression of
Gδ-development is used in [17].
The notion of a complete SOC is classical and was introduced by the second author
[2] and Frolik [14] (for completely regular spaces, AF-completeness is an internal
characterization of ˇCech-completeness).
Remark. In the paper [7] of Burke, Levi and Lutzer, there is a notion (without a
name) very close to the notion of a weak development; they consider a SOC (Gn) on a
completely regular spaceX such that, for every (Gn) a (Gn), every x ∈⋂Gn, the sequence
(
⋂
i6n Gi)n is a base at x . It is easy to see that, in the class of regular spaces, the notion
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of [7] coincides with the notion of a weak development. (Also, one can consult [21] for
another notion close to the notion of a weak development.)
Notice that for a SOC (Gn) on a space X, if for every n, we put G′n = {G0 ∩ · · · ∩
Gn: G0 ∈ G0, . . . ,Gn ∈ Gn}, the SOC (G′n) is a full SOC. Furthermore if the SOC (Gn) is
a development (respectively a weak development; a complete SOC), then (G′n) is so.
We have:
developable ⇒ weakly developable ⇒ monotonically developable, and
weakly developable ⇒Gδ-developable.
All the reverse implications are false in general.
The first implication is obvious. The second is easily seen, since if we have a
weak development, we can construct a full weak development which is in particular a
monotonical development. Let us show that: weakly developable⇒ Gδ-developable. Let
(Gn) be a weak development on a space X. We claim that (Gn) is a Gδ-development.
Indeed, suppose not. Let x ∈X be such that ⋂ st(x,Gn) \ {x} 6= ∅. Take y ∈⋂ st(x,Gn) \
{x}. For each n, chooseGn ∈ Gn such that x, y ∈Gn. The sequence (⋂i6n Gi) is a base at
both x and y . A contradiction.
For weakly developable ; developable, see Example 1 in Section 5 (or Example 3
in Section 6). For monotonically developable ; Gδ-developable (hence monotonically
developable; weakly developable), see Example 5 in Section 6. For Gδ-developable;
monotonically developable, see Example 6 in Section 6.
We recall some other definitions we need for the sequel.
In [3], the second author introduced the notion of a p-space. Recall that a p-space is
a completely regular space X for which, there exists a sequence (Gn) of collections of
open subsets of the Stone–Cˇech compactification β(X) of X such that each Gn covers X,
and for every x ∈X, we have ⋂n st(x,Gn)⊂X. Furthermore, if we replace the condition⋂
n st(x,Gn) ⊂ X by the stronger condition
⋂
n st(x,Gn) ⊂ X, we get the definition of a
strict p-space.
A space X is metacompact if every open cover of X has a point-finite refinement.
A space X is submetacompact (or θ -refinable) if, for every open cover G of X, there is
a SOC (Gn) such that
⋃
n Gn is a refinement of G, and, for every x ∈X, there is n such that
{G ∈ Gn: x ∈G} is finite.
It is well known that every submetacompact regular space with a Gδ-development has a
G∗δ -development (see [17]).
In Section 2, we study the notion of a weak development and establish some links with
those of a base of countable order, of a p-space and of a development. In Section 3, we
introduce and study the notion of a sharp base, which is situated between those of a uniform
base and of a base of countable order. We also study the relations between the notions of
a sharp base and of a weakly uniform base. In Section 4, we study the notion of a weak
k-development introduced in [8] and we extend a result of this paper. In Sections 5 and 6
we present some examples showing that the new notions of a weak development and of a
sharp base do not coincide with the similar old concepts.
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2. Some properties of weak developments
A base B of a space X is a base of countable order [4] if for every strictly decreasing
sequence (Gn)⊂ B and every x ∈⋂Gn, the sequence (Gn) is a base at x .
First, we shall prove that a space is monotonically developable if and only if it has a base
of countable order. This implies that a weakly developable space has a base of countable
order.
A SOC (Hn) on a space X is called a WW-SOC if:
(W.1) on each Hn there is a well order 6n such that for every H ∈Hn,
H \
⋃{
H ′ ∈Hn: H ′ 6n H, H ′ 6=H
} 6= ∅,
(W.2) for every n <m and every x ∈X, the first element H of Hm which contains x is
included in the first elementH ′ ofHn which contains x , and if H ′ 6= {x}, then H
is a proper subset of H ′.
Remark that for every WW-SOC (Hn) on X we have:
(W.3) For every n 6=m and H ∈Hn ∩Hm, H is a one-point set.
If B is a base of a space X, then we can construct a WW-SOC (Hn) such that
⋃
nHn ⊂ B.
This was done by Wicke and Worrell Jr in [25]. More generally, if (Gn) is a full SOC on a
space X, we can construct a WW-SOC (Hn) such that (Hn) a (Gn).
The following lemma is the central idea in the proof of the Theorem 1 of Wicke and
Worrell [25]. We give the proof for the sake of completeness.
Lemma 2.1 (WW-argument). Let (Hn) be a WW-SOC on a space X, and (Gk) a strictly
decreasing sequence of elements of ⋃nHn. Then, there exists a decreasing sequence
(Hn) a (Hn) such that for every n ∈ ω, there exists k ∈ ω such that Gk ⊂Hn.
Proof. First, observe that ∅ /∈⋃nHn. Now, since for each n ∈ ω and each H,H ′ ∈Hn,
H ⊂ H ′ implies H 6n H ′, each Hn contains finitely many elements of (Gk). Hence
the set of n such that Hn ∩ (Gk) 6= ∅ is infinite. Applying (W.2), we see that each Hn
contains an element, which contains an element of (Gk). Let Hn be the first element ofHn
which contains an element of (Gk). Let us show that (Hn) is decreasing. Fix n ∈ ω and
Gkn,Gkn+1 such that Gkn ⊂ Hk and Gkn+1 ⊂ Hk+1. Since (
⋃
i6n+1Hi ) ∩ (Gk) is finite
and (Gk) is decreasing, we can takem> n+ 1 and k >max(kn, kn+1) such that Gk ∈Hm,
Gk ⊂Gkn ∩Gkn+1 . Take x ∈Gk such that Gk is the first element of Hm containing x . Let
Hxn (respectively Hxn+1) be the first element of Hn (respectively Hn+1) containing x . We
have x ∈Gk ⊂Gnk ⊂Hn, hence Hxn 6n Hn. On the other hand, applying (W.2), we have
Gk ⊂Hxn , hence Hn 6n Hxn . Then Hn =Hxn . Similarly, we obtain Hn+1 =Hxn+1. Hence,
using (W.2), we see that Hn+1 ⊂Hn. 2
The following characterizations of a space with a base of countable order is essentially
due to Wicke and Worrell.
Theorem 2.2. Let X be a topological space. The following conditions are equivalents:
(1) X has a base of countable order;
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(2) there exists a SOC (Gn) on X such that each Gn is a base of X and for every
decreasing sequence (Gn) a (Gn) and every x ∈⋂Gn, (Gn) is a base at x;
(3) X is monotonically developable;
(4) there is a SOC (Gn) on X such that:
(a) for any x ∈X and any strictly increasing sequence (nk) of positive integers, if
(Gnk ) a (Gnk ) has x ∈Gnk+1 ⊂Gnk , then (Gnk ) is a base at x ,
(b) for each x ∈X, there exists at least one sequence (Gnk ) as in (a).
Proof. (1)⇔ (2) is the Theorem 2 of Wicke and Worrell. (2)⇒ (3) is evident.
We prove (3)⇒ (1). Let (Gn) be a monotonical development onX. Since (Gn) is full, we
can construct a WW-SOC (Hn) a (Gn). We put B =⋃nHn. The WW-SOC (Hn) is such
that, for every decreasing sequence (Hn) a (Hn) and every x ∈⋂Hn, (Hn) is a base at x .
Applying (W.2), we see easily that B is a base of X. We show that it is of countable order.
Let (Bk) be a strictly decreasing sequence in B and x ∈⋂Bn. Applying Lemma 2.1, we
can take a decreasing sequence (Hn) a (Hn) such that for every n, Hn contains an element
of (Bk). The sequence (Hn) is a base at x . Hence so is the sequence (Bk).
We prove (3) ⇒ (4). Let (Gn) be a monotonical development. Take a WW-SOC
(Hn) a (Gn). This SOC has the property (b). One shows that it has the property (a). Let
x ∈ X and a decreasing sequence (Hnk ) a (Hnk ) such that x ∈
⋂
Hnk . If there is k 6= k′
such thatHnk =Hnk′ , applying (W.3), we see thatHnk = {x}. If (Hnk ) is strictly decreasing,
applying the WW-argument, we have a decreasing sequence (H ′n) a (Hn) such that for
every n there is k such that Hnk ⊂H ′n. Hence, (Hnk ) is a base at x .
We prove (4)⇒ (2). Take (Gn) as in (4) and putHp =⋃n>p Gn for every p. We obtain a
sequence of bases of X. Furthermore, take x ∈X and a decreasing sequence (Hp) a (Hp)
such that x ∈ ⋂Hp. Inductively, we can construct a subsequence (Hpk ) and a strictly
increasing sequence of integers (nk) such that Hpk ∈ Gnk . Hence, (Hn) is a base at x . 2
For a characterization of a space with a base of countable order by means of sieves, see
[10,17].
Corollary 2.3. A weakly developable space has a base of countable order.
Weak developability is preserved by subspaces and countable products (like developa-
bility, Gδ-developability and monotonically developability; in the last case, preservation
by subspaces is a subtle result of Wicke and Worrell, Theorem 1 of [25]).
The following result is due to Burke [5]: A completely regular space is developable if
and only of it is aGδ-developable strict p-space (if and only if it is aG∗δ -developable strict
p-space).
The following theorem is a characterization of completely regular weakly developable
spaces similar to the above characterization of completely regular developable spaces
(compare with Lemma 2.1 of [7]).
Theorem 2.4. A completely regular space is weakly developable if and only if it is a Gδ-
developable p-space.
28 B. Alleche et al. / Topology and its Applications 100 (2000) 23–38
The following result is due to Wicke and Worrell [25]: A space is developable if and
only if it is submetacompact and has a base of countable order. We deduce from this:
Proposition 2.5. A space is developable if and only if it is submetacompact and weakly
developable.
The following result is due to the second author [4]: A space is metrizable if and only if
it is paracompact with a base of countable order. Hence we have:
Proposition 2.6. A space is metrizable if and only if it is a paracompact weakly
developable space.
In this proposition we cannot replace paracompactness by collectionwise normality.
Indeed, there exists a collectionwise normal weakly developable space which is not
developable (see Example 4 in Section 6).
Since every countably compact Gδ-developable space is metrizable (Chaber, see [15]),
we have:
Proposition 2.7. Every countably compact weakly developable space X is metrizable.
In this proposition we cannot replace countably compact by pseudocompact (see
Example 2 in Section 6).
We have not met the following result:
Theorem 2.8. Every compact subspace of a space X with a base of countable order is of
countable character in X.
Proof. Let X be a space with a monotonical development (Gn). Fix a non-empty compact
subset K of X. We can construct a sequence (Hn) a (Gn) such that for every n, Hn is
finite and coversK , andHn+1 refinesHn. PutH=⋃nHn and VK = {⋃H′: H′ finite ⊂
H, K ⊂⋃H′}. The collection VK is countable. Let us show that it is a base at K . Take V
an open set such that K ⊂ V . Let x ∈K . For every n, the collection
Hxn =
{
H ∈Hn: x ∈H
}
is finite. Furthermore, for every n, there exists x ∈Hn ⊂Hn−1 ⊂ · · · ⊂H0, with Hi ∈Hxi ,
i = 0,1, . . . , n. By König’s lemma, we can choose a decreasing sequence (Hn) a (Hxn).
The sequence (Hn) is a base at x , hence there exists nx such that Hnx ⊂ V . By
compactness, we can choose Hnx1 , . . . ,Hnxk covering K . Their union is in VK , hence VK
is a base at K . 2
3. The notion of a sharp base
Beside the notion of a base of countable order, we have a less general notion of a uniform
base, introduced by Alexandroff in [1] and a notion of a weakly uniform base, introduced
B. Alleche et al. / Topology and its Applications 100 (2000) 23–38 29
by Heath and Lindgren in [19]. Let us recall the definitions. A uniform base B of a space
X is a base of X such that, for every injective sequence (Bn)⊂ B and every x ∈⋂Bn, the
sequence (Bn) is a base at x . A weakly uniform base B of a space X is a base of X such
that for every infinite subfamily B′ of B the set ⋂B′ has one point at most.
Recall that a space with a uniform base is developable and that a space with a weakly
uniform base has a Gδ-development.
Remark. There is another notion of a base strongly connected with the above notions,
namely the notion of a quasi-uniform base introduced by Lutzer in [21]. Recall it. A space
X is said to have a quasi-uniform base if there is a sequence (Bn) of bases for X such that
if F ⊂⋃Bn is a filterbase which satisfies F ∩ Bn 6= ∅ for infinitely many n and for some
point x ∈X, {x} =⋂F =⋂{F : F ∈ F}, then F is a base at x . In [21], it is proved that
regular developable spaces, p-spaces and ordered spaces have a quasi-uniform base, and
regularGδ-developable spaces with a quasi-uniform base have a base of countable order.
We introduce a new notion of a base: a sharp base B of a space X is a base of X such
that, for every injective sequence (Bn)⊂ B (i.e., for every sequence of distinct members of
B) and every x ∈⋂Bn, the sequence (⋂i6n Bi) is a base at x .
It is clear that a uniform base is a sharp base, and a sharp base is both a base of countable
order and a weakly uniform base. We know that every uniform base is point-countable
(that is, each point is covered by only countably many elements of the base). On the other
hand, every weakly uniform base of a first countable space is point-countable at every
non-isolated point [19], hence a sharp base is point-countable at every non-isolated point.
Remark. The stronger assertion “a sharp base is point-countable” is false in general.
Indeed, letX be an uncountable set endowed with the discrete topology. Fix a point x0 ∈X.
We create a sharp base by putting B = {{x}: x ∈X} ∪ {{x, x0}: x 6= x0}. Clearly, this base
is not point-countable.
Every first countable space with a weakly uniform base and with not more than ω1
isolated points has a point-countable base [11]. For a space with a sharp base, we have a
slightly stronger result:
Theorem 3.1. Every space with a sharp base and not more than ω1 isolated points has a
point-countable sharp base.
Proof. The argument is similar to that in the proof of [11, Theorem 2]. Let X be a space
with a sharp base B, and I the set of its isolated points endowed with a well order which
makes it isomorphic to an ordinal α 6 ω1. We put
BI = {B ∈ B: B ∩ I 6= ∅},
B′ = {B ′: B ′ = B \ {min(B ∩ I)},B ∈ BI }∪ (B \BI )∪ {{p}: p ∈ I}.
Clearly, B′ is a base of X.
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Let us show that B is a sharp base. Take an injective sequence (B ′n)⊂ B′ with x ∈
⋂
B ′n.
Fix n ∈ ω. If it is possible, choose Bn ∈ B such that there exists pn ∈ I such that
B ′n = Bn \ {pn} and pn = min(Bn ∩ I). Otherwise, put Bn = B ′n. The sequence (Bn)
is injective and included in B. The only case to verify is when Bn 6= B ′n and Bm 6= B ′m
with n 6= m. Suppose pn = pm, then Bn 6= Bm. Suppose pn < pm, then pn /∈ B ′m. Again
Bn 6= Bm. Hence (⋂i6n Bi) is a base at x and therefore (⋂i6n B ′i ) is a base at x .
We show that B′ is point-countable. It is clear that B′ is point-countable at every point
of X \ I . Take p ∈ I . We have{
B ′ ∈ B′: p ∈ B ′}⊂⋃
q<p
{
B \ {q}: p,q ∈B, B ∈ B}∪ {{p}}.
Hence {B ′ ∈ B′: p ∈B ′} is countable. 2
Question 1. If X has a sharp base and more than ω1 isolated points, does there exist in X
a point-countable sharp base? Or, at least, a point-countable base?
Corollary 3.2. A sharp base of a separable space is countable, and therefore every regular
separable space with a sharp base is metrizable.
Proof. Let X be a separable space with a sharp base. Since the set of its isolated points is
countable, by virtue of Theorem 3.1, the spaceX has a point-countable sharp base B. Since
a point-countable base on a separable space is countable, B is countable. Furthermore, if
X is regular, it is metrizable. 2
If a space has a sharp base, all subspaces of it have a sharp base (in fact, the trace of
this sharp base on a subspace is a sharp base). Let us discuss the behaviour of sharp bases
under products.
Proposition 3.3. If there is a sharp base in X × S, where S is some non-discrete space,
then there is a point-countable sharp base in X.
Proof. Let B be a sharp base in X × S. Fix a non-isolated point s ∈ S. For every x ∈X,
the cardinality of the family of all elements of B containing (x, s) is countable. Now, it is
easy to see that B′ = {B ∩X×{s}: B ∈ B} is a point-countable sharp base in X×{s}. The
result follows from the fact that X is homeomorphic to X× {s}. 2
Question 2. If X has a sharp base, does the product X× [0,1] have a sharp base?
By Proposition 3.3, a positive answer to Question 2 would imply a positive answer to
Question 1.
Question 3. Does the product of every two spaces with a sharp base have a sharp base?
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Recall that a space is called metaLindelöf, if every open cover of it can be refined by a
point-countable open cover.
Question 4. Is every space with a sharp base metaLindelöf?
Now, we are going to establish some links between sharp bases and weak developments.
It is well known that, if a topological space has a uniform base, then it is developable [1].
For sharp bases, we have:
Theorem 3.4. If a topological space has a sharp base, then it is weakly developable.
Proof. Let B be a sharp base of a spaceX. We denote by S the family of all open one-point
subsets of X. Put m(B)= {B ∈ B: B is maximal} (maximality is taken with respect to ⊂),
and G1 = m(B) ∪ S . We show that m(B) covers X \⋃S . Indeed, fix x ∈ X \⋃S and
B ∈ B such that x ∈B . If there exists a strictly increasing sequence (Bn), each member of
which contains B , we have a contradiction, since (
⋂
i6n Bi) must be a base at x . Hence,
there exists a maximal element in B containing x . Now, (B \G1)∪S is also a sharp base of
X. We can repeat this process. We obtain a SOC (Gn) which is clearly a weak development
on X. 2
The following theorem summarizes the relations between our new notions and the old
ones.
Theorem 3.5. For a space X, consider the following assertions:
(1) X has a base of countable order;
(2) X has a weak development;
(3) X has a development;
(4) X has a sharp base;
(5) X has a uniform base.
We have
(4)
(5) (2) (1).
(3)
The reverse implications are not true in general. Furthermore (3); (4) and (4); (3).
If X is submetacompact, then the three first assertions are equivalent.
If X is metacompact, then all the five assertions are equivalent.
Proof. In the general case, all of the implications above have already been established.
For the reverse implications, we can find counterexamples in Sections 5 and 6. Example 5
shows that (1) ; (2), Example 1 shows that (4) ; (3) (hence (2) ; (3) and (4) ; (5)),
Example 2 shows that (3); (4) (hence (2); (4) and (3); (5)).
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If X is a submetacompact space, we have (1) ⇒ (3) (Wicke and Worrell [25]). Hence
the three first assertions are equivalent. Notice that, since every developable space is
submetacompact, we still have (3); (5) and (3); (4) in this case.
IfX is a metacompact space, it is well known that (3)⇒ (5), hence all the five assertions
are equivalent. 2
4. Weak k-developments
In [8], the first and the third authors introduced the notion of a weak k-development to
obtain a generalization of Michael’s Theorem on double set-valued selection. It seems to
be a good notion, providing for a “fruitful symbiosis” with that of a complete SOC.
A SOC (Gn) of a space X is said to be a weak k-development on X if, for every compact
subset K of X, every n, and every finite subfamily Hn of GKn covering K , the sequence
(
⋂
i6n
⋃Hi ) is a base of neighborhoods of K (where GKn means {G ∈ Gn: K ∩G 6= ∅}).
Evidently, every weak k-development is a weak development, and the property of having
a weak k-development is preserved by subspaces.
The notion of a k-development, obtained when we replace (
⋂
i6n(
⋃Hi )) by (⋃Hn) in
the preceding definition, is not relevant. Indeed, if a Hausdorff space has a k-development,
then it is metrizable (see [2]).
The following theorem gives a sufficient condition for weak k-developability. It extends
a result of [8]. Before we need a notation, a definition and a classical lemma.
Let G be an open cover of a space X. We put G = {G: G ∈ G}. Let A⊂X. We say that
A is G-modest if there exists G′ finite ⊂ G such that A⊂⋃G′.
The following lemma is a part of folklore.
Lemma 4.1. Let X be an AF-compete space. Let (Gn) be a complete SOC and F a
centered family. If, for every n, there exists F ∈ F which is Gn-modest, then ⋂F is a
non-empty compact subset of X.
Theorem 4.2. Let (X, τ) be a regular AF-complete space. If there exists a weaker topology
τ ′ on X such that (X, τ ′) is a Hausdorff developable space, then (X, τ) has a weak
k-development.
Proof. Let (G1n) be a development of X with respect to τ ′, and (G2n) a complete SOC of X
with respect to τ . We construct a sequence (Gn) of τ -open covers of X such that, for every
n, Gn refines both G1n and G2n (where the closure is taken with respect to τ ). It is clear that
(Gn) is a complete SOC with respect to τ . We are going to prove that (Gn) is a weak k-
development with respect to τ . Let K be a τ -compact subset and (Hn) a (GKn ) a sequence
of finite covers of K . Put Hn =⋂m6n(⋃Hm). We notice that, from the construction, for
every n, Hn is G2n-modest.
On the other hand, for every n, Hn ⊂ st(G1n,K). Hence K =
⋂
n Hn. Take a τ -open
neighborhoodG of K . We will prove that there exists n0 such that Hn0 ⊂G. Assume that
this is not the case. Then, for every n, we have Hn \G 6= ∅. So (Hn \G) is a decreasing
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sequence of non-empty τ -closed subsets andHn \G is G2n-modest. Then
⋂
n(Hn \G) 6= ∅
by Lemma 4.1. This is a contradiction. 2
Corollary 4.3. Every ˇCech-complete Moore space has a weak k-development.
In this corollary, we cannot replace weak k-development by sharp base (see Example 2
in Section 6, where the space is a Cˇech-complete Moore space with no sharp base).
The next corollary is a result of [8]. Recall that a space X is said to be submetrizable if
there exists a weaker metrizable topology on X.
Corollary 4.4. Every submetrizable ˇCech-complete space has a weak k-development.
Here is a curious application of Corollary 4.3.
Theorem 4.5. Every pseudocompact Moore space X has a weak k-development.
Proof. Since X is a Moore space, it has a Gδ-development. Reznichenko has shown [22]
that every pseudocompact space with a Gδ-development is Cˇech-complete. It remains to
apply Corollary 4.3. 2
Since every compact subset of a space with a base of countable order is of countable
character (Theorem 2.8), the following question seems relevant:
Question 5. Is it true that every Moore space has a weak k-development? Does every
regular weakly developable space have a weak k-development?
The next version of Question 5 seems to be especially interesting in connection with
Corollary 4.3.
Question 6. Does every Cˇech-complete weakly developable space have a weak k-
development?
Question 7. Is every dense in itself pseudocompact Tychonoff space with a sharp base
metrizable? What if we drop “dense in itself”?
This question is motivated by a result of Uspenskij that every pseudocompact space with
a σ -point-finite base is metrizable [24] (note that every space with a uniform base has a
σ -point-finite base [14]), and by a delicate example of Shakhmatov of a non-metrizable
Tychonoff space with a point-countable base [23].
5. An example of a non-developable space with a sharp base
Example 1. To simplify notation, we suppose that the set of non-negative integers is
ω= {1,2, . . .}.
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Let D be the set of ordinals strictly less than 2ω = c and B be the Baire space Dω (D is
endowed with the discrete topology and B with the product topology). We shall construct
a space X by adding a setM to B such that B will be a dense open subspace of X.
For every n ∈ ω and β = (β(1), . . . , β(n)) ∈Dn, we put l(β)= n, the length of β . For
every β ∈Dn, we put
[β] = {γ ∈Dω: γ (1)= β(1), . . . , γ (n)= β(n)}
and we say that [β] is an islet of B . Recall that if [β] ∩ [β ′] 6= ∅ and l(β) 6 l(β ′), then
[β ′] ⊂ [β]. Let
J =
{
[β]: β ∈
⋃
n∈ω
Dn
}
.
We know that the set J of all islets of B is a base of the topological space B . We denote
by S the set of countably infinite subsets J ′ of J such that
(1) for every [β], [β ′] ∈ J ′ with [β] 6= [β ′], β(1) 6= β ′(1),
(2) There exists l(J ′) ∈ ω such that for every [β] ∈J ′, l(β)= l(J ′).
Since |S| = c, we can put S = {Jα : α < c} with Jα 6= Jα′ when α 6= α′, and we put
l(Jα)= l(α). We write each element Jα ∈ S under the form of a sequence ([βαi ])i∈ω.
By induction, for each Jα = ([βαi ])i∈ω, we shall construct a sequence sα = ([γ αk ])k∈ω
such that:
(1) for every [γ αk ] ∈ sα , l(γ αk )> l(α)+ k,
(2) (γ αk (1), . . . , γ αk (l(α)))k∈ω is a subsequence of (βαi (1), . . . , βαi (l(α)))i∈ω ,
(3) for every α′ < α < c
(3a) {[γ α′k ]: k ∈ ω} ∩ {[γ αk ]: k ∈ ω} = ∅,
(3b) (⋃k[γ α′k ])∩ (⋃k[γ αk ]) is empty or equal to a member of sα .
(The set M we have mentioned above will be {sα : α < c}.) Observe, that (3a) means
that each islet of B is in at most one sα , and that (3b) means that, for every α′ < α, at most
one islet of sα is (strictly) included in an islet of sα′ and no islet of sα′ is included in an
islet of sα .
For α = 1, such a s1 is easily constructed.
Suppose that sα′ is constructed for every α′ < α.
Step 1. For every n ∈ ω, we choose γn ∈D such that [γ˜ αn ] = [(βαn (1), . . . , βαn (l(α)), γn)]
does not contain an element of {[γ α′i ]: α′ < α, i ∈ ω}. This is possible, since the cardinal
of {[γ˜ αn ]: γn ∈D} is c and the cardinal of {[γ α′i ]: α′ < α, i ∈ ω} is strictly less than c. We
notice that (3a) is verified (with γ˜ αk in place of γ αk ).
Step 2. Inductively, we construct a subsequence ([γ˜ αnk ]) of ([γ˜ αn ]) such that for every
k ∈ ω and α′ < α,(⋃
i∈ω
[γ α′i ]
)
∩
(⋃
i6k
[γ˜ αni ]
)
is at most one islet of ([γ˜ αni ])i6k .
Since the first step of the induction is similar to the general step, we do this general step.
Assume that we have chosen suitable n1 < n2 < · · ·< nk . We put
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Ank =
{
α′ < α:
{[
(βαi (1), . . . , β
α
i (j))
]
: j 6 l(α), i 6 nk
}
∩ {[γ α′i ]: α′ < α, i ∈ ω} 6= ∅}.
Since each islet is in at most one sα′ , the set Ank is finite. We claim that there exists nk+1 >
nk such that for every p > nk+1 and every α′ ∈ Ank , sα′ ∩ {[(βαp(1), . . . , βαp(j))]: j 6
l(α)} = ∅. Indeed, for each α′ ∈ Ank , since l(γ α′i )→∞ when i →∞, we have that
{[γ α′i ]: i ∈ ω} ∩ {[(βαi (1), . . . , βαi (j))]: j 6 l(α), i ∈ ω} is finite. Hence we can choose
mα′ such that for every p > mα′ , {[γ α′i ]: i ∈ ω} ∩ {[(βαp(1), . . . , βαp(j))]: j 6 l(α)} = ∅.
The integer nk+1 = supα′∈An mα′ + nk + 1 is suitable.
Notice that the so-constructed subsequence ([γ˜ αnk ]) satisfies (2) and (3) (with γ˜ αnk in place
of γ αk ).
Step 3. For each k ∈ ω, we choose [γ αk ] ⊂ [γ˜ αnk ] such that l(γ αk )> l(α)+k. The sequence
sα = ([γ αk ])k∈ω satisfies (1)–(3).
The induction is complete. We obtain a familyM= (sα)α<c satisfying (1)–(3).
We put X = B ∪M. For every n ∈ ω, β ∈ B and sα ∈M, we put Bn(β)= [(β(1), . . . ,
β(n))] and Bn(α)= {sα} ∪ (⋃i>n[γ αi ]). The collection
B = {Bn(β): β ∈ B, n ∈ ω} ∪ {Bn(α): α ∈D, n ∈ ω}
is a base of a zero-dimensional topology defined onX. Using the properties of the elements
ofM, we easily see that B is a sharp base. Indeed, if (Bkn(αn)) is an injective sequence
such that αn ∈ D for every n ∈ ω, and if there exists x ∈⋂Bkn(αn) ∩ B , we easily see,
with the help of (3b) that ⋂i6n Bki (αi) is an islet for large enough n, and we see with the
help of (3a), that the sequence (⋂i6n Bki (αi)) has infinitely many distinct terms. Hence,
this sequence is a base at x . The other cases are obvious.
The space X is Cˇech-complete (observe that the SOC (Gn) with Gn = {Bn(x): x ∈X} is
complete).
The space X is not perfect. Indeed, we show that the open set B cannot be an Fσ -set.
Suppose not and take a sequence (Fn) of closed subsets ofX such that B =⋃Fn. For each
[(α)], α ∈D, by the Baire property, there exists n ∈ ω and [˜α] = [(α,β2, . . . , βnα )] ⊂ Fn.
Now, we can choose n0 ∈ ω such that the set of all α such that [˜α] is included in Fn0 is
uncountable. Hence, we can choose an element Jα of S such that ([βαi ])i∈ω ⊂ Fn0 . Now,
sα is in the closure of Fn0 , a contradiction.
Since it is not perfect, the space X is not developable. Hence it is not submetacompact.
Nevertheless it has a σ -locally countable and σ -disjoint base (see [12]).
Remark. With the less restrictive condition
(3b′) (⋃k[γ α′k ])∩ (⋃k[γ αk ]) is a finite union of elements of sα ,
in place of
(3b) (⋃k[γ α′k ])∩ (⋃k[γ αk ]) is empty or equal to a member of sα ,
we only obtain a space constructed by Gruenhage (see [12]). We do not know if a space of
Gruenhage has a sharp base too.
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6. Other examples
Example 2 (The Mrowka space Ψ (see [6,16])). Let ω be the set of natural integers. One
says that two subsets A,B of ω are almost disjoint, if A∩B is finite. Let A be a maximal
collection of pairwise almost disjoint subsets of ω.
Put Ψ = ω ∪A and topologize Ψ by declaring that all one point subsets of ω are open
and that, for every A ∈A, {B ∪ {A}: B ⊂A, A \B is finite} is a base at A.
The space Ψ is a separable locally compact pseudocompact non-metrizable Moore
space. Consequently, it is weakly developable submetacompact (and even subparacom-
pact), but not collectionwise normal (otherwise, it would be metrizable). Using Corol-
lary 4.3, we see that Ψ has a weak k-development. Furthermore, it has no weakly uniform
base, hence no sharp base—otherwise it would have a point-countable base, hence it would
be metrizable (since every locally compact space with a point-countable base is metrizable
(Alexandroff [1])). It is not metacompact (otherwise it would have a uniform base).
Example 3 (Gruenhage’s space [18]). Let B be a Bernstein subset of R (that is, every
uncountable closed subset of R meets both B and R \ B). Let {Bα: α < 2ω} be an
enumeration of all countable subsets of B having uncountable closure in R. By transfinite
recursion choose xα ∈ Bα \ (B ∪ {xβ : β < α}, and points xα,n ∈ Bα such that xα,n→ xα .
Let X = B ∪ {xα: α < 2ω}. Topologize X by declaring the points of B to be isolated, and
{xα} ∪ {xα,n: n>m}, m ∈ ω, to be a base at xα .
The space X is locally compact and submetrizable. Hence, it has a weak k-development
(Corollary 4.4). Consequently, it is a weakly developable space. It is not a Moore space.
Indeed, the closed set {xα: α < 2ω} is not a Gδ-set. Furthermore, it has no sharp base.
Indeed, let A⊂ B be such that |A| = ω1 and consider the subspace AX of X. Suppose X
has a sharp base. The subspace AX also has a sharp base. Consequently, it is metrizable
(since locally compact with a point-countable base). Then the closed subsetAX \A is aGδ
set in AX. Hence, there exists a closed subset F ofX included in A with cardinality ω1. The
closure of F in R meetsR\(B∪AX). We can chooseBα ⊂ F such thatBα \(B∪AX) 6= ∅.
Hence xα /∈AX , a contradiction.
Example 4. This example is taken from van Douwen’s paper [13]. He has constructed a
normal locally compact submetrizable countably paracompact locally countable non-δθ -
refinable separable spaceΛ such that all closed discrete subsets of it are countable (see [6]
for the definitions). Hence this space has a weak k-development (Corollary 4.4). It is not
developable, otherwise it would be submetacompact, hence δθ -refinable. The spaceΛ also
does not have a sharp base, since it is separable but not metrizable. To see this, we apply
Corollary 3.2.
The space Λ is collectionwise normal, since it is normal and all closed discrete subsets
in it are countable [15]. Thus, not every collectionwise normal locally compact weakly
developable space is developable, which solves a would be version of the normal Moore
space problem for weakly developable spaces in its strongest form.
B. Alleche et al. / Topology and its Applications 100 (2000) 23–38 37
Example 5. Let X be the first uncountable ordinal ω1 endowed with the order topology.
The space X is a first countable locally compact countably compact collectionwise normal
non-metrizable space. Hence, its diagonal is not aGδ set (otherwise, it would be metrizable
since it is a linearly ordered space; Lutzer, see [15]). Consequently, this space has no weak
development and no weakly uniform base. Furthermore it has no point-countable base.
Nevertheless, it has a base of countable order. Indeed, let X = S ∪ L, where L is the
set of all limit ordinals and S = X \ L. For every α ∈ L choose a strictly increasing
sequence (αn) in X, converging to α. Put B = BS ∪ BL, where BS = {{α}: α ∈ S}, and
BL = {]αn,α]: α ∈ L, n ∈ ω}. Let us show that B is a base of countable order of X. It is
clear that B is a base of X. Now, let (Un) be a strictly decreasing sequence of elements
of B such that there exists β ∈⋂Un. Observe, that for every n, Un /∈ BS . Hence, we put
Un =]αnkn, αn]. Since for every n, αn+1 6 αn, there exists α ∈ L and n0 such that αn = α
for every n> n0. Hence, for every n> n0, we have αnkn = αkn . Since (αkn)n>n0 is strictly
increasing, (Un) is a base at α = β .
Example 6. Take the Sorgenfrey line (see [15]). This space is paracompact with a Gδ-
diagonal. Since it is not metrizable, it has no base of countable order. Furthermore, it has
no point-countable base. Hence, it has no weakly uniform base.
Example 7. In [19], it is prove that the Michael line is a paracompact first countable non-
metrizable space with a weakly uniform base. This space does not have a base of countable
order.
Example 8. In [11] a Moore space with a weakly uniform base and with no uniform base
is constructed.
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